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Abstract

In earlier proposals, the robust counterpart of conic optimization problems exhibits a lateral
increase in complexity, i.e., robust linear programming problems (LPs) become second order cone
problems (SOCPs), robust SOCPs become semidefinite programming problems (SDPs), and robust
SDPs become NP-hard. We propose a relaxed robust counterpart for general conic optimization
problems that (a) preserves the computational tractability of the nominal problem; specifically the
robust conic optimization problem retains its original structure, i.e., robust LPs remain LPs, robust
SOCPs remain SOCPs and robust SDPs remain SDPs, and (b) allows us to provide a guarantee on
the probability that the robust solution is feasible to the problem in which the uncertain coefficients
of the conic optimization problem under parameter uncertainty obey independent and identically

distributed normal distributions.
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1 Introduction

The general optimization problem under parameter uncertainty is as follows:

max c'x
s.t. fZ(CU,DZ) >0, 1 €1, (1)
x e X,

where fi(:z:,ﬁi), i € I are given functions, X is a given set and D;, i € I is the vector of random
coefficients. Without loss of generality, we can move the objective function to the constraints and
hence, assume that the objective is linear with deterministic coefficients.

We define the nominal problem to be Problem (1) when the random coefficients D, take values equal
to their expected values DY. In order to protect the solution against infeasibility of Problem (1), we

may formulate the problem using chance constraints as follows:

/

max cCx
st. P(fi(x,D;)>0)>1—¢, iel, (2)
xre X.

Unfortunately, it is well known that such chance constraints are non-convex and generally intractable.
However, we would like to solve a tractable problem and obtain a “robust” solution that is feasible to
the chance constraints Problem (2) when ¢; is very small and without having to reduce the objective
function excessively. In order to address Problem (1) Ben-Tal and Nemirovski [1, 3] and independently

by El Ghaoui et al. [12, 13] propose to solve the following robust optimization problem

max c'x
s.t. If)nng{ fi(z, D;) > 0, i€l (3)
xe X,

where U;, i € I are given uncertainty sets. The motivation for solving Problem (3) is to find a solution
x* € X that “immunizes” Problem (1) against parameter uncertainty. That is, by selecting appropriate
sets U;, i € I, we can find solutions &* to Problem (3) that give guarantees ¢; in Problem (2). However,
this is done at the expense of decreasing the achievable objective. It is important to note that we
describe uncertainty in Problem (3) (using the sets U;, ¢ € I) in a deterministic manner. In selecting

uncertainty sets U;, i € I we feel that two criteria are important:



(a) Preserving the computational tractability both theoretically and most importantly practically of
the nominal problem. From a theoretical perspective it is desirable that if the nominal prob-
lem is solvable in polynomial time, then the robust problem is also polynomially solvable. More
specifically, it is desirable that robust conic optimization problems retain their original structure,
i.e., robust linear programming problems (LPs) remain LPs, robust second order cone problems

(SOCPs) remain SOCPs and robust semidefinite programming problems (SDPs) remain SDPs.

(b) Being able to find a guarantee on the probability that the robust solution is feasible, when the
uncertain coefficients obey some natural probability distributions.
Let us examine whether the state of the art in robust optimization has the two properties mentioned

above:

1. Linear Programming: A uncertain LP constraint is of the form a’x > b, for which @ and b are
subject to uncertainty. When the corresponding uncertainty set U is a polyhedron, then the robust
counterpart is also an LP (see Ben-Tal and Nemirovski [3, 4] and Bertsimas and Sim [9, 10]). When
U is ellipsoidal, then the robust counterpart becomes an SOCP. For linear programming there are
probabilistic guarantees for feasibility available ([3, 4] and [9, 10]) under reasonable probabilistic

assumptions on data variation.

2. Quadratic Constrained Quadratic Programming (QCQP): An uncertain QCQP constraint
is of the form || Az||? + bz +&< 0, where A, b and ¢ are subject to data uncertainty. The robust
counterpart is an SDP if the uncertainty set is a simple ellipsoid, and N P-hard if the set is
polyhedral (Ben-Tal and Nemirovski [1, 3]). To the best of our knowledge, there are no available

probabilistic bounds.

3. Second Order Cone Programming (SOCP): An uncertain SOCP constraint is of the form
HA:B —HNJH2 < &@x+d, where A, b, & and d are subject to data uncertainty. The robust counterpart
isan SDPif A, b belong in an ellipsoidal uncertainty set U; and ¢, d belong in another ellipsoidal
set Us. The problem has unknown complexity, however, if A, b, &, d vary together in a common
ellipsoidal set. Nemirovski [15] proposed tractable approximation in the form of an SDP if ¢ and
d are deterministic and showed probabilistic guarantees in this case. However, to the best of our
knowledge, there are no available probability bounds to address the problem when ¢ and d are

stochastic.

4. Semidefinite Programming (SDP): An uncertain SDP constraint of the form >%_; Az; - B,



where A, ..., A, and B are subject to data uncertainty. The robust counterpart is N P-hard for
ellipsoidal uncertainty sets. Nemirovski [15] proposed a tractable approximation in the form of an

SDP and showed probabilistic guarantees in this case.

5. Conic Programming: An uncertain Conic Programming constraint of the form 3774 ijj K
B, where Al, o A, and B are subject to data uncertainty. The cone K is closed, pointed and
with a nonempty interior. To the best of our knowledge, there are no results available regarding

tractability and probabilistic guarantees in this case.

Our goal in this paper is to address (a) and (b) above for robust conic optimization problems.
Specifically, we propose a new robust counterpart of Problem (1) that has the following properties: (a)
It inherits the character of the nominal problem; for example, robust SOCPs remain SOCPs and robust
SDPs remain SDPs; (b) under reasonable probabilistic assumptions on data variation we establish
probabilistic guarantees for feasibility that lead to explicit ways for selecting parameters that control
the robustness; (c) It is applicable for general conic problems.

The structure of the paper is as follows. In Section 2, we describe the proposed robust model and
in Section 3, we show that the robust model inherits the character of the nominal problem for LPs,
QCQPs, SOCPs and SDPs. In Section 4, we prove probabilistic guarantees for feasibility for these
classes of problems. In Section 5, we show tractability and give explicit probabilistic bounds for general

conic problems. Section 6 concludes the paper.

2 The Robust model

In this section, we outline the ingredients of the proposed framework for robust conic optimization.

2.1 Model for parameter uncertainty

The model of data uncertainty we consider is
D=D"+> AD’z, (4)
JEN
where D is the nominal value of the data, AD’, j € N is a direction of data perturbation, and
Zj, J € N are independent and identically distributed random variables with mean equal to zero, so
that £ [b} = D°. The cardinality of N may be small, modeling situations involving a small collection

of primitive independent uncertainties (for example a factor model in a finance context), or large,



potentially as large as the number of entries in the data. In the former case, the elements of D are
strongly dependent, while in the latter case the elements of D are weakly dependent or even independent
(when |N| is equal to the number of entries in the data). The support of Z;, j € N can be unbounded
or bounded. Ben-Tal and Nemirovskii [4] and Bertsimas and Sim [9] have considered the case that |N|

is equal to the number of entries in the data.

2.2 Uncertainty sets and related norms

In the robust optimization framework of (3), we consider the uncertainty set U as follows:

U={D|IuecRN:D=D"+>" ADu; |u| <Qy, (5)
JEN

where (2 is a parameter, which we will show, is related to the probabilistic guarantee against infeasibility.

We restrict the vector norm ||.|| we consider by imposing the condition:
[Jwll = ([l (6)
where |u| = (Ju1|, ..., [un]) if w= (u1,...,un))'. We call such norm the absolute norm. The following

norms commonly used in robust optimization are absolute norms :
e The polynomial norm Iy, k =1,...,00 (see [1, 4, 17]).

e The Iy Nls norm: max{||ul2, Q||u|lec}, € > 0 (see [4]). This norm is used in modeling bounded

and symmetrically distributed random data.

e The Iy Nl norm: max{s||ul/1,||ullc}, T >0 (see [9, 8] ). Note that this norm is equal to o if
I' =|N|, and [y if I' = 1. This norm is used in modeling bounded and symmetrically distributed
random data, and has the additional property that the robust counterpart of an LP is still an LP
(Bertsimas et al. [8]).

Note that the norm ||u| = || Pul|x, where P is an invertible matrix, is not an absolute norm. However,
we can let w = P~ 'v, and modify the uncertainty set of (5) accordingly so that the norm considered
remains absolute.

Given a norm ||.|| we consider the dual norm ||.||* defined as

|s]|* = max s'x.
[EJES

We next show some basic properties of norms satisfying Eq. (6), which we will subsequently use in our

development.



Proposition 1 The absolute norm || - || satisfies the following
(a) [wl* = [[fwl]*.
(b) For all v,w such that |v| < |w|, |Jv|* < |w]*.

(c) For all v,w such that |v| < |w], [|v] < ||lw].

The proof is shown in Appendix A.

2.3 The class of functions f(x, D)

We impose the following restrictions on the class of functions f(x, D) in Problem (1) (we drop index 4

for clarity):

Assumption 1 The function f(x, D) satisfies:
(a) The function f(x, D) is concave in D for all x € R".

(b) f(z,kD)=kf(x,D), for allk >0, D, x € R".
Note that for functions f(-,-) satisfying Assumption 1 we have:

1 1
The restrictions implied by Assumption 1 still allow us to model LPs, QCQPs, SOCPs and SDPs. Table
1 shows the function f(x, D) for these problems. Note that SOCP(1) models situations that only A and
b vary, while SOCP(2) models situations that A, b, ¢ and d vary. Note that for QCQP, the function,
—||Az||3 — b'x — ¢ does not satisfy the second assumption. However, by extending the dimension of the

problem, it is well-known that the QCQP constraint is SOCP constraint representable (see [5]). Finally,

the SDP constraint,

n
> A = B,
=1

n
>\min Azxz —B]| > 0,
j=1

where A (M) is the function that returns the smallest eigenvalue of the symmetric matric M.

is equivalent to



Type Constraint D f(z,D)
LP a'z>b (a,b) a'x —b
A, b, C,d b / 2
QCQP | ||Az|3 +bx+c<0 ( ‘ ) d-b i) _ \/|Am||§ n (d+b2m+)
d"=1,Ad" =0, Vj € N
(A7 b7 c7 d)
SOCP(1) | [[Az+b|2 <dx+d ' ‘ cdx+d—||Ax + b2
Ac =0,Ad’ =0, Vj €N
SOCP(2) | [[Axz+b|2 <cdx+d (A,b,c,d) cdx+d—||Ax + b2
SDP ?:1 A;x; — B € ST (Al, ey A, B) )‘min(zyzl Az — B)

Table 1: The function f(x, D) for different conic optimization problems.

3 The proposed robust framework and its tractability

Specifically, under the model of data uncertainty in Eq. (4) we propose the following constraint for

controling the feasibility of stochastic data uncertainty in the constraint f(x, D) >0

min f(z,D%) + > {f(=, AD?)v; + f(z,~AD)uw;} >0, (8)
(v,w)eV JEN
where
v ={ww) e RSN o+ w| < aj, ©)

and the norm ||.|| satisfies Eq. (6). We next show that under Assumption 1, Eq. (8) implies the classical
definition of robustness:

fz,D)>0, V¥DelU, (10)
where U is defined in Eq. (5). Moreover, if the function f(x, D) is linear in D, then Eq. (8) is equivalent
to Eq. (10).

Proposition 2 Suppose the given norm ||.|| satisfies Eq. (6).

(a) If f(xg,A+ B) = f(x,A) + f(x, B), then x satisfies (8) if and only if x satisfies (10).
(b) Under Assumption 1, if © is feasible in Problem (8), then x is feasible in Problem (10).
Proof

(a) Under the linearity assumption, Eq. (8) is equivalent to:

f (m,DO +Y AD(v; - wj)) >0, VYv+tw|<Q v,w>0, (11)
JEN

7



while Eq. (10) can be written as:

f (m,DO +> ADjrj) >0, VY|r| <. (12)

JEN

Suppose « is infeasible in (12), that is, there exists r, ||r| < £ such that

f (az,DO + Z ADjrj) < 0.

JEN
For all j € N, let v; = max{r;,0} and w; = —min{r;,0}. Clearly, » = v — w and since v; + w; = |rj|,
we have from Eq. (6) that ||v + w| = ||| < 2. Hence, x is infeasible in (11) as well.

Conversely, suppose x is infeasible in (11), then there exist v,w > 0 and ||v + w|| < Q such that

f (m,DO + Z ADj(Uj - ’U)j)) < 0.

JEN
For all j € N, we let r; = v; — w; and we observe that |r;| < v; + w;. Therefore, for norms satisfying
Eq. (6) we have

[l = Ml [l < flv + w| <€,

and hence, z is infeasible in (12).
(b) Suppose « is feasible in Problem (8), i.e.,
f@, D% + Y {f(@, AD))v; + f(m,~AD)w;} >0,  ¥|o+w|<Q, v,w>0.
JEN
From Eq. (7) and Assumption 1(b)
0< f(@, D%+ Y {f(&, AD))v; + f(2,~AD )w;} < f(=,D° + > AD(v; — w;))
JEN JjEN
for all ||lv + wl|| <, v,w > 0. In the proof of part (a) we established that
f@,D°+> AD'r;) >0, V|r|<Q
JEN
is equivalent to
f(ac,DO—l—ZADj(vj—wj))ZO, Viv+w| <Q, v,w>0,
JEN
and thus « satisfies (10). [ |
Note that there are other proposals that relax the classical definition of robustness (10) (see for

instance Ben-Tal and Nemirovski [2]) and lead to tractable solutions. One natural question is whether



the approximation is overly conservative with respect to Problem (10). A way to address this is to show
that if « is feasible in Problem (10), it also feasible in Problem (8) in which € is reduced to of2, o < 1.
Ideally, o should not decrease too rapidly with respect to the dimension of the problem. While we do
not have theoretical evidence on the closeness of the approximation, Bertsimas and Brown [7] report
excellent computational results utilizing Problem (8) for constrained stochastic linear control problems,
that is the solutions obtained when solving problem (8) are very close to the solutions obtained when

solving Problem (10).

3.1 Tractability of the proposed framework

Unlike the classical definition of robustness (10), which can not be represented in a tractable manner,

we next show that Eq. (8) can be represented in a tractable manner.

Theorem 1 For a norm satisfying Eq. (6) and a function f(x, D) satisfying Assumption 1
(a) Constraint (8) is equivalent to

fla, D% = Q|| (13)

where
S5 = max{_f(xa ADj)7 _f(xa _ADj)}a VJ €N.
(b) Eq. (13) can be written as:
fa, D% > Qy
f(z,ADV)+t; >0, VYjeN
fx,—~ADI)+t;>0, VjeN (14)
1" <y
yeR, te RN

Proof

(a) We introduce the following problems:

z1 =max a'v+bw
st. v+ w| <Q (15)

v,w > 0,



and
Z9 = max Z max{a;, bj,0}r;
JEN (16)
st v < 9Q,

and show that z; = z9. Suppose r* is an optimal solution to (16). For all j € N, let

vi=w; =0 if max{a;,b;} <0

vj = [ril,w; =0 ifa; >bja; >0

wj = [ri|,v; =0 if bj > a;,b; > 0.
Observe that a;v; + bjw; > max{a;,b;,0}r} and w; +v; < |rj|, Vj € N. From Proposition 1(c) we
have [|[v + w|| < ||r*|| < €, and thus v, w are feasible in Problem (15), leading to

z1 > Z(ajvj + bjw;) > Z max{a;, bj, 0}r; = 2.
jEN JEN

Conversely, let v*, w* be an optimal solution to Problem (15). Let r = v* + w*. Clearly ||| < Q and

observe that

rjmax{a;,b;, 0} > ajv; +bjw;, Vj e N.

Therefore, we have

29> Y max{aj, bj,0br; > Y (a0} + bjw)) = 21,
JEN JjeEN

leading to z; = z2. We next observe that

(vn;uéVZ{ z, AD?)v; + f(z, —ADJ)wJ}

= — max {_f(wv ADj)vj — f(=, _ADj)wj}

L ex Z{max{—f(w,ADj)’_f(m’_ADj)’O}Tj}

(irli< S

and using the definition of dual norm, ||s||* = max,|<; 8', we obtain Q||s||* = max|,|<q §'z, i.e., Eq.
(13) follows. Note that s; = max{—f(x, AD?), —f(x,—~AD’)} > 0, since otherwise there exists an
x such that s; < 0, i.e., f(z,AD?) > 0 and f(x,—AD’) > 0. From Assumption 1(b) f(z,0) = 0,
contradicting the concavity of f(x, D) (Assumption 1(a)).

Suppose that x is feasible in Problem (13). Defining ¢ = s and y = ||s||*, we can easily check that

(x,t,y) are feasible in Problem (14). Conversely, suppose, « is infeasible in (13), that is,
f(z, D% < Ql|s|".

10



Norms [|lul| ItI* <y References
ly [ell2 [tz <y [4]
h [ellx tj<y, VjeEN 8]
loo |l ZjeN tj < ?f (8]
=T
by 1 Jull (Sient?™) " < 3
o Nl morm | max{ a2, e} Hs_t";’lJréZjEN =Y 4]
se R,
I'p+>jensi <y
l1 Nlo norm | max{%||ul1, |uls},T >0 sj+p>t;, VjeN (8]
peERL,SE %Lﬁv‘

Table 2: Representation of the dual norm for ¢ > 0.

Since, t; > s; = max{—f(z, AD?), — f(x,—~AD’)} > 0 we apply Proposition 1(b) to obtain |t|* >
||s]|*. Thus,
fla, D) < Q|s|" < QlIt]" < Qy,
i.e., « is infeasible in (14).
(b) It is immediate that Eq. (13) can be written in the form of Eq. (14). [ ]
In Table 2, we list the common choices of norms, the representation of their dual norms and the

corresponding references.

3.2 Representation of the function max{—f(x, AD), —f(x,—AD)}

The function g(x, AD?) = max{—f(x, AD’), —f(x,—~AD’)} naturally arises in Theorem 1. Recall
that a norm satisfies ||A| > 0, ||kA| = |k| - [|A]], |A + B]| < ||A| + || B||, and [|A|| = 0, implies that
A = 0. We show next that the function g(x, A) satisfies all these properties except the last one, i.e., it

behaves almost like a norm.

Proposition 3 Under Assumption 1, the function g(x, A) = max{—f(x, A), —f(x,—A)} satisfies the
following properties:

(a) g(=, A) =0,

(b) g(z,kA) = |klg(z, A),

(c) g(z, A+ B)<g(x, A)+g(z, B).

11



Proof

(a) Suppose there exists & such that g(x, A) <0, i.e., f(x, A) > 0and f(x,—A) > 0. From Assumption
1(b) f(x,0) = 0, contradicting the concavity of f(x, A) (Assumption 1(a)).

(b) For k > 0, we apply Assumption 1(b) and obtain

g(x,kA) = max{—f(x,kA), — f(x,—kA)} = kmax{—f(x, A), — f(x,—A)} = kg(x, A).
Similarly, if £ < 0 we have
9(x, kA) = max{—f(z, —k(-A)), - f(x, -k(A))} = —kg(z, A).

(c) Using Eq. (7) we obtain

o(w, A+ B) = gl L (2A+2B)) < Lo(x,24) + Lg(w,2B) = g(x, A) + g(x, B).

|
Note that the function g(x, A) does not necessarily define a norm for A, since g(x, A) = 0 does not
necessarily imply A = 0. However, for LP, QCQP. SOCP(1), SOCP(2) and SDP, and specific direction

of data perturbation, AD?, we can map g(x, AD’) to a function of a norm such that
g(z, AD?) = |[H(z, AD)] .

where H(z, AD?) is linear in AD’ and defined as follows (see also the summary in Table 3):
(a) LP:
f(x, D) = a’x — b, where D = (a,b) and AD’ = (Aa’, AVY). Hence,

g(x, AD’) = max{—(Ad’)x + AV, (Ad’)x — AV} = |(Ad’) x — AV|.

(b) QCQP:
f(x,D)=(d— bz +¢))/2 - \/||A:BH§ + ((d+ bz +c)/2)%, where D = (A,b,¢,d) and AD’ =
(AAJ Ab/, Ac?,0). Therefore,

'y j . i, N 2
g(x, ADI) = max{(AI)J)Qm"'M n \/HAAJngJF (MW) ’

N . . j\, N\ 2
_(Ab )233+ch 4 \/HAAJmH% + ((Ab )2a:+AcJ> }

J I j . J /7 j 2
’(Ab )2a:+AcJ 4 \/HAAJ?I?H% 1 <(Ab )2a:+AcJ> '

12



Type r=H(z, ADY) g(x, AD7) = ||r|,
LP r=(Aa’)x — AW |7]

QCQP | r=[T1], 11 = [(aparhens] o= (A)a + A)/2 | rafle+ [ro]
SOCP(1) r=AAlx + Ab 7|2
SOCP(2) | r= [m, r = AAz + AV, rg = (A )z + Ad 71]]2 + |rol

SDP R=Y7, AAlz; - AB [p®
Table 3: The function H(x, AD?) and the norm | - ||, for different conic optimization problems.

(c) SOCP(1):
f(x,D) =z +d—||Az + b||3, where D = (A, b, c,d) and AD’ = (AA’, Ab’,0,0). Therefore,

g(x, AD’) = |AA xz + A5
(d) SOCP(2):
f(z, D) = dz+d—| Az+b|2, where D = (A, b, c,d) and AD? = (AAJ, Ab/, Ac?, &7). Therefore,
g(z, ADY) = max {~(Ac')z — Ad + [AATz + AV |5, (Ac))m + Ad + |AATz + A, |
= |(Ad)z + Ad| + | AA T + Ab ||5.
(e) SDP:

f(®, D) = Ain(X7—y Ajw; — B), where D = (A, ..., A,, B) and AD’ = (AA],..,AA} ABY).

Therefore,
g(z, ADJ) = max {—Amm(zgzl AAlz; — ABY), ~Apin (— ( " AAl — ABJ’))}

= max {Aas (= (o1 AALz — ABY)) Mpar ()1 AAlz; — ABY)}

S AAlz; - AB
j=1

2

3.3 The nature and size of the robust problem

In this section, we discuss the nature and size of the proposed robust conic problem. Note that in the
proposed robust model (14) for every uncertain conic constraint f(x, D) we add at most |N| + 1 new
variables, 2| N| conic constraints of the same nature as the nominal problem and an additional constraint
involving the dual norm. The nature of this constraint depends on the norm we use to describe the

uncertainty set U defined in Eq. (5).

13



When all the data entries of the problem have independent random perturbations, by exploiting spar-
sity of the additional conic constraints, we can further reduce the size of the robust model. Essentially,
we can express the model of uncertainty in the form of Eq. (4), for which Z; is the independent random
variable associated with the jth data element, and AD7 contains mostly zeros except at the entries

corresponding to the data element. As an illustration, consider the following semidefinite constraint,

ay ag a4 a5 ar as
1+ X = )
az ag as ae ag ag
such that each element in the data d = (a1, ...,a9)" has an independent random perturbation, that is

a; = a + Aa;Z; and Z; are independently distributed. Equivalently, in Eq. (4) we have
d=d"+> Ad'z,
i=1
where d° = (a?,...,aY) and Ad' is a vector with Aa; at the ith entry and zero, otherwise. Hence, we

can simplify the conic constraint in Eq. (14), f(x, Ad') +t; > 0 or

Aa; 0 0 0 0 0
Amin 1+ T2 — +1t1 >0,
0 0 0 0 0 0

as t; > —min{Aa;x1,0} or equivalently as linear constraints t; > —Aajx1,t; > 0. In Appendix B we
derive and in Table 4 we summarize the number of variables and constraints and their nature when the
nominal problem is an LP, QCQP, SOCP (1) (only A,b vary), SOCP (2) (A, b,c,d vary) and SDP for
various choices of norms. Note that for the cases of the 1, loc and lo norms, we are able to collate terms
so that the number of variables and constraints introduced is minimal. Furthermore, using the I norm
results in only one additional variable, one additional SOCP type of constraint, while maintaining the
nature of the original conic optimization problem of SOCP and SDP. The use of other norms comes at
the expense of more variables and constraints of the order of |N|, which is not very appealing for large

problems.

4 Probabilistic Guarantees

In this section, we derive a guarantee on the probability that the robust solution is feasible, when the
uncertain coefficients obey some natural probability distributions. An important component of our
analysis is the relation among different norms. We denote by ( , ) the inner product on a vector space,

R™ or the space of m by m symmetric matrices, S™*™. The inner product induces a norm /(x, ). For

14



loo-norm | loo-norm | [1 Nls-norm | lx-norm | Iy N, -norm
Num. Vars. n+1 1 2|N|+2 1 2IN|+1
Num. linear Const. | 2n+1 2n+1 4|N| +2 0 3|N]|
Num SOC Const. 0 0 0 1 1

LP LP LP LP SOCP SOCP

QCQP SOCP SOCP SOCP SOCP SOCP

SOCP(1) SOCP SOCP SOCP SOCP SOCP

SOCP(2) SOCP SOCP SOCP SOCP SOCP
SDP SDP SDP SDP SDP SDP

Table 4: Size increase and nature of robust formulation when each data entry has independent uncer-

tainty.

a vector space, the natural inner product is the Euclidian inner product, (x,y) = 'y, and the induced
norm is the Euclidian norm ||z||2. For the space of symmetric matrices, the natural inner product is
the trace product or (X,Y) = trace(XY') and the corresponding induced norm is the Frobenius norm,
1X 1# (see [16]).

We analyze the relation of the inner product norm +/{z, ) with the norm |/z||, defined in Table 3
for the conic optimization problems we consider. Since ||z||, and \/(z, ) are valid norms in a finite

dimensional space, there exist finite oy, ag > 0 such that

1
— < < 17
o Illy < v/ (r,m) < eslirlly, (17)

for all r in the relevant space.

Proposition 4 For the norm || - ||, defined in Table 3 for the conic optimization problems we consider,

Eq. (17) holds with the following parameters:
(a) LP:aj =9 =1

(b) QCQP, SOCP(2): a1 = /2 and ap = 1.
(c) SOCP(1): a1 = g = 1.

(d) SDP:a; =1 and ag = /m.

Proof
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(a) LP: For r € ® and ||r||y = ||, leading to Eq. (17) with oy = ap = 1.
(b) QCQP, SOCP(2): For r = (r1,ry) € R+ let a = ||r1|2 and b = |rg|. Since a,b > 0, using the
inequality a + b < v2v/a2? + b2 and Va2 + b2 < a + b, we have

1
5 (lrall2 + frol) < V' = [l7ll2 < [lrafl2 + [rol

V2
leading to Eq. (17) with oy = V2 and as = 1.
(c) SOCP(1): For all r, Eq. (17) holds with o; = a = 1.
(d) Let \j, 7 =1,...,m be the eigenvalues of the matrix A. Since ||A||p = y/trace(A?) = m

and || A|l2 = max; |A;|, we have

[All2 < [|AllF < Vm||l A2,

leading to Eq. (17) with oy = 1 and ag = /m. [ ]

The central result of the section is as follows.

Theorem 2 (a) Under the model of uncertainty in Eq. (4), and given a feasible solution x in Eq. (8),

then
P(f(z,D) <0) <P [ D rzlly > sl |,
JEN
where
rj=H(@ ADY),  sj=|rlly, jEN.
(b) When we use the la-norm in Eq. (9), i.e., ||s||* = ||s|l2, and under the assumption that z; are

normally and independently distributed with mean zero and variance one, i.e., Z ~ N (0,I), then

NGY 02
> 0 /ZHT”E, < exp | —5 5 | (18)
g JEN

where a = ajae, a1, as derived in Proposition 4 and > «.

P Z ’I‘jéj

JEN

Proof
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We have

P(f(x,D) < 0)

<P (f(:r,DO) + f(®, ) ADZ) < O) (From (7))
JEN
< P (f(@,Yjen ADIZ) < —Q|s||") (From (13), s; = ||H(z, AD7)]|,)

< P [ min (f(ac, Y ADZ), f(x,— Y ADZ) | < -Q|s|*
JEN JEN
=P | gz, Z ADjéj) > QHS[*)
JEN
=P | [H(z, Y ADz)|, > Q|s|*
JEN
= P || Y_ H(z, ADY)zl, > Q| s|* (H(zx, D) is linear in D)
JEN
=P (> rzly > QHSH*) :

JEN

(b) Using, the relations |||y < aq+/(r,r) and [|7| 4 > a%\/<r,r> from Proposition 4, we obtain

P

IA
)

= P

E :rjzj

JEN

E :"'jzj

JEN

>Q > 2
g JEN

2

> Q%) Il

JEN

g

oo <z e Y >

JEN keN

> 0? Z <Tj, ’I“j>)

JjEN

o > D (rjri)EiE > QF Z<rj’rj>>

JjEN kEN JEN

a’ZRz > O Zm,m) ,

JEN

where Rj, = (rj,7;). Clearly, R is a symmetric positive semidefinite matrix and can be spectrally

decomposed such that R = Q'AQ, where A is the diagonal matrix of the eigenvalues and Q is the

corresponding orthonormal matrix. Let § = QZ so that 2 RZ = §'Ag = "y /\jgj?. Since Z ~ N(0,I),

we also have § ~ N (0, 1), that is, §;, j € N are independent and normally distributed. Moreover,

Z Aj = trace(R) = Z<TJ"TJ'>'

JEN JEN
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Therefore,

P (aZE’RE > 02 Zm,m)

JEN
=P (a2 SN > Aj)
JEN JEN
_ E (exp (9042 2 jeN )g@?-))
exp (0923 jey \y)
[ljen £ (exp (6’&2)\jg]]2>) )

= (g5 are independent)
exp (0925 jey \y) !

o\ 02X 3
[jen E (exp <yﬁj) )

= for all 8 > 2 and 9042/\jﬂ <LVjeN
exp (092 ey )

[ljen (E <exp (%))GQQ)\jﬁ>

exp (992 e Aj)

(From Markov’s inequality, 6 > 0)

IN

where the last inequality follows from Jensen inequality, noting that 2998 is a concave function of z

if 0a?);3 € [0,1]. Since g; ~ N(0,1),

E <exp <?j§>> = \/127 /Oooo exp (—y; <ﬁﬁ_2>> dy = 55—2

Thus, we obtain

2\ \ 0a2;8
e (2o (1)) 1 o ronsim (2)
exp (092 X jen ;) - exp (627 Yjen \;)
exp (QOJZﬂ% In (%) 2jeN )‘j)

exp (092 X jen ;)

We select 0 = 1/(a?B)\*), where \* = max;jen Aj, and obtain

A ) Td) (1, (5 )

exp (092 ey ) 2 \f-2) o

B -2
where p = (3_,cn Aj)/A*. Taking derivatives and choosing the best 3, we have

20?
Tz o2

g
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Type Probability bound of infeasibility
LP NCY exp(—%Q)
QCQP §Qexp(— )
SOCP(1) VeQexp(—L)
SOCP(2) cQexp(—L)
SDP £Qexp(—£)

Table 5: Probability bounds of P(f(x, D) < 0) for 2 ~ N(0,I).
for which € > «a. Substituting and simplifying, we have
1 3 02 NZY) Q2 \” /e 02
()2 ) = _ot < 0
() )~ (B ) < o 2,

where the last inequality follows from p > 1, and from VeQd exp(—Q—Q) <1 for Q > a. [ |

a 202

Remark : We note the series of inequalities used in the proof would increase the gap between the
actual probability of feasibility with the designed values. In particular, in the last inequality, it is easy
to see that p can be as large as the rank of the matrix, R. Hence, for an uncertain single LP constraint,
we have p = 1, while for an uncertain second order cone constraint, p could be as large as the dimension
of the cone. Therefore, for such problems, it is conceivable that even if our intended probability bound
against infeasibility is € the solution to our proposed robust model may violate the constraints with
probability of less than €”, where n is the dimension of the cone. However, if the errors are small and 2
is not too large, the price to pay for such assurance could be acceptable in practice. A possible tuning
approach might be to determine p and adapt € accordingly. However, such an approach may not be
polynomial.

Note that f(x, D) < 0, implies that ||Z] > Q. Thus, when 2 ~ N(0, I
P(f(z,D) < 0) < P(|Z] > Q) = 1 — x}y (%), (19)

where X\2N| (+) is the cdf of a x-square distribution with | V| degrees of freedom. Note that the bound (19)
does not take into account the structure of f(x, D) in contrast to bound (18) that depends on f(a, D)
via the parameter o. To illustrate this, we substitute the value of the parameter o from Proposition 4
in Eq. (18) and report in Table 6 the bound in Eq. (18).

To amplify the previous discussion, we show in Table 6 the value of 2 in order for the bound (18) to

be less than or equal to e. The last column shows the value of ) using bound (19) that is independent

19



e | LP | QCQP | SOCP(1) | SOCP(2) | SDP | Eq. (19)
1071 [ 2.76 | 3.91 2.76 3.91 27.6 | 7045
1072 | 357 | 5.05 3.57 5.05 35.7 | 705.2
1073 | 4.21| 5.95 4.21 5.95 421 | 705.7
1076 | 5.68 | 7.9 5.68 7.9 56.8 | 706.9

Table 6: Sample calculations of 2 using Probability Bounds of Table 5 for m = 100, n = 100, |N| =
495, 000.

of the structure of the problem. We choose |N| = 495000 which is approximately the maximum number
of data entries in a SDP constraint with n = 100 and m = 100. Although the size |N| is unrealistic for
constraints with less data entries such as LP, the derived probability bounds remain valid. Note that
bound (19) leads to Q = O(y/[N[In(1/e)).

For LP, SOCP, and QCQP, bound (18) leads to 2 = O(In(1/¢)), which is independent of the
dimension of the problem. For SDP it leads to we have Q = O(y/mIn(1/¢€)). As a result, ignoring the

structure of the problem and using bound (19) leads to very conservative solutions.

Large Deviation Results of Nemirovski

Nemirovski [15] gives bounds on the probability of large deviations in normed spaces, under fairly
general distributions for the random variables. He assumes that the random variables z;, j € N are

mutually independent, with zero mean and satisfy the following condition:
E(exp(,%]z)) < exp(1). (20)

Note that Z; ~ N(0,0?), where 0% = ﬁ@) satisfies (20). Moreover, bounded random variables such
that |Z;| <1 and E(Z;) = 0 satisfy (20) as well.
Let (E,|.||) be a separable Banach space such that there exists a norm p(x) satisfying ||z|| < p(x) <

2||z|| and that the function P(x) = $p*(z) is continuously differentiable and satisfies the relation
P(z +y) < P(z) + (P'(x),y) + £*P(y).
Theorem 3 (Nemirovski [15]) Let #7, j € N be independent random vectors in E with zero mean, such

that E(exp([[#7]|*/03)) < exp(1).
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Type Q

LP O(\/In1/e)
QCQP O(/In1/e)
SOCP(1) |  O(yIn1/e)
SOCP(2) | O(y/In1/e)

SDP O(y/In(m)In1/e)

Table 7: The value of 2 to achieve probability of feasibility of at least 1 — ¢ obtained by applying
Theorem 3.

(a) For a chosen c >0 and for all Q > 0,

. —c02 /K2
Pr HZ;JHZQ Zgjz SM-
jEN jEN ¢

(b) For E =R" and under Euclidian norm, ||.||2, Kk = 1. For E = M™"™ of m x n matrices, and under

the standard matriz norm, x = O(y/In(min(n, m) + 1)).

With respect to the bounds of Theorem 2 in which we consider the Euclidian norm, [|s|* = ||s]|2,

we have exactly the same framework of Theorem 3, for which o; = ||77||. Furthermore, since
E(exp(||#]?/03)) = E(exp(|[77]12Z;/|7]|*)) = E(exp(Z;)) < exp(1),

Theorem 3 directly applies to our proposed framework.
Table 7 shows the desired value of ) to guarantee that the probability of feasibility is least 1 — e.

We observe that Table 7 provides stronger bounds than our framework.
5 General cones
In this section, we generalize the results in Sections 2-4 to arbitrary conic constraints of the form,
n o~ ~
Y Ajzj i B, (21)
J=1

where {Al, .., A,, B } = D constitutes the set of data that is subject to uncertainty, and K is a closed,
convex, pointed cone with nonempty interior. For notational simplicity, we define

A(ZB,D) = Zijj - B
j=1
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so that Eq. (21) is equivalent to

A(z,D) =k 0. (22)

We assume that the model for data uncertainty is given in Eq. (4) with Z ~ AV(0,I). The uncertainty
set U satisfies Eq. (5) with the given norm satisfying ||u| = |||ul].
Paralleling the earlier development, starting with a cone K and constraint (22), we define the

function f(-,-) as follows so that f(a, D) > 0 if and only if A(x, D) >k O.
Proposition 5 For any V =k 0, the function

f(x,D) = max 60

st. A(x,D) =k 0V,

satisfies the properties:

(a) f(x, D) is bounded and concave in x and D.
(b) f(z, kD) = kf(z, D), Yk > 0.

(c) fl=,
(d) f(z,

D) >y if and only if A(x,D) =k yV.
D) >y if and only if A(x, D) =k yV.

Proof
(a) Consider the dual of Problem (23):

z*= min (u, Az, D))
st. (u,V)=1
u =g+ 0,
where K* is the dual cone of K. Since K is a closed, convex, pointed cone with nonempty interior, so
is K* (see [5]). As V =k 0, for all u =g~ 0 and u # 0, we have (u, V') > 0, hence, the dual problem
is bounded. Furthermore, since K* has a nonempty interior, the dual problem is strictly feasible, i.e.,
there exists u > g+ 0, (u, V) = 1. Therefore, by conic duality, the dual objective z* has the same finite
objective as the primal objective function f(x, D). Since A(x, D) is a linear mapping of D and an

affine mapping of x, it follows that f(x, D) is concave in  and D.

(b) Using the dual expression of f(x, D), and that A(z, kD) = kA(x, D), the result follows.

(c) If 6 = y is feasible in Problem (23), we have f(x,D) > 6 = y. Conversely, if f(x, D) > y, then
A(z,D) =k f(z, D)V =z yV.
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(d) Suppose A(xz, D) >k yV, then there exists € > 0 such that A(x, D) —yV =k ¢V or A(x,D) =k
(e +y)V. Hence, f(x,D) > e+y > y. Conversely, since V =g 0, if f(x,D) > y then (f(x, D) —
y)V =k 0. Hence, A(x, D) =k f(x, D)V =g yV. [ ]
Remark : With y = 0, (c) establishes that A(x, D) >k 0 if and only if f(a, D) > 0 and (d) establishes
that A(x, D) >k 0 if and only if f(x, D) > 0.

The proposed robust model is given in Eqs. (8) and (9). We next derive an expression for

g(x, AD) = max{—f(x, AD), —f(x,—AD)}.
Proposition 6 Let g(x, AD) = max{—f(x, AD),—f(x,—AD)}. Then
9(z, AD) = |[H(z, AD)|l,,
where H(x, AD) = A(x, AD) and
|S]lg =min{y:yV =k S =k —yV'}.

Proof
We observe that
g(x,AD) = max{—f(x,AD),—f(x,—AD)}
= min{y | — f(x,AD) <vy,—f(x,—-AD) <y}
= min{y | A(x,AD) =g —yV,—A(x, AD) = —yV'} (From Proposition 5(c))
= Az, AD)],-
We also need to show that ||.||, is indeed a valid norm. Since V' >k 0, then ||S||; > 0. Clearly, ||0]; =0

and if ||S||; = 0, then 0 =g S >k 0, which implies that § = 0. To show that ||kS|, = |k|||S]|4, we

observe that for k > 0,

”kSHg = min {y | yV =k kS =k —yV }
. Yy .,y Y
— m n ‘} >_ S >_ ‘}
fomi {k: k —K 2 =K k }

= k[S|g-
Likewise, if £ < 0
|kS]ly = min{y | yV =k kS =k —yV'}

= min{y | yV =k —kS =k —yV'}
= || = kSl

= —klSlly-
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Finally, to verify triangle inequality,
ISllg + 1Ty = min{y | yV =k S =k —yV}+min{z | 2V =g T =g —2V'}
=min{y+z|yV =g Sk —yV, 2V =g T =g —2V}

>min{y+z2|(y+2)VrgS+T =k —(y+2)V}

= [|S+T|,-
]
For the general conic constraint, the norm, |- ||, is dependent on the cone K and a point in the interior
of the cone V. Hence, we define |||,y := ||-||4. Using Proposition 5 and Theorem 1 we next show that

the robust counterpart for the conic constraint (22) is tractable and provide a bound on the probability

that the constraint is feasible.

Theorem 4 We have
(a) (Tractability) For a norm satisfying Eq. (6), constraint (8) for general cones is equivalent to
A(erO) ~K QyV7

th K A(ZL',ADj) K —th, jEN,

(24)
1" < v,
yeR, te RN
(b) (Probabilistic guarantee) When we use the la-norm in Eq. (9), i.e., ||s||* = ||s|l2, and under
the assumption that Z ~ N(0,I), then for all V' we have
e D) ¢ 5) < Yo ()
QK,V 2aK7V
where
aKV = ( max ||S||K7V) ( max (s, S))
V/(8,8)=1 ISl v=1
and
ISk v =min{y:yV =g S =g —yV'}.
Proof
The Theorem follows directly from Propositions 5, 6, Theorems 1, 2. |

From Theorem 4, for any cone K, we select V' in order to minimize ak v, i.e.,

g = _min agy.
V>K0
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We next show that the smallest parameter « is v/2 and y/m for SOCP and SDP respectively. For the

second order cone, K = L™,
Lt = {x € RO |Znll2 < Tpia},
where x,, = (1, ...,2,)". The induced norm is given by
@l gy = min{y : g0 = gosr © = gors —yv}

= min{y : ||z, + vuyll2 < Vat1y + Toi1, |0 — vyl < Vpp1y — Tota,

OéLn+17v: ma>_< ||93||Ln+17,v max _ HmHQ .
l]l2=1 Il g1 =1

For the symmetric positive semidefinite cone, K = S'",

and

[X|smy = min{y:yV = X = —yV},

aSm,V = max H.’BHSM’V max (X,X> .
* ( /X, X)=1 IXl[gm v=1

Case of Homogenous cones

A cone, K C R" is homogenous if for any pair of points A, B = 0, there exists an invertible linear
map M : R" — R” such that M(A) = B and M(K) = K (see for instance Giiler and Tungel [14]).
For general conic optimization, we have shown that the probability bound depends on the the choice of
V = 0. However, it turns out that for homogenous cones, in which semidefinite and second-order cones

are special cases, the probability bound does not depend on V > 0.

Theorem 5 Suppose the cone K is homogenous. For any V =g 0, the probability bound of Theorem
4(b) satisfies

~ Ve 0?2
P(A(xz,D)¢ K) < —exp | —=—5 | -
(A, D) ¢ 1) < ¥ Fen 5
Proof
Let V* = arg miny, 0. Since the cone is homogenous and V/, V* =k 0, there exists an invertible
linear map M(+) satisfying M(V') = V* and M(K) = K. Noting that under the linear mapping, we

have
XgY

= X-Y 0
= M(X-Y)>k0
= M(X) =g M(Y).
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Hence, it follows easily that the feasibility of (24) implies

AM(CC7 DO) EK QyV*7

t;V* =k Am(x, AD?) =g ~t;V*, jEN,

1t <,
yeR, te RN,
where .
Am(D) = M(A(D)) = Z;M(Aj) — M(B).
j=
Hence, the probability bound follows. |

We will next derive ag for semidefinite and second order cones.

Proposition 7 We have
(a) For the second order cone, apniti = /2.

(b) For the symmetric positive semidefinite cone, asm = \/m.

Proof

For any V >k 0, we observe that
\VIikv =min{y:yV =g V =g —yV} =1.

Otherwise, if |[V|| kv < 1, there exist y < 1 such that yV >k V, which implies that —V > 0,

contradicting V' > 0. Hence, ||v||pn+1, = 1 and we obtain

max |[[z|2 | > [v]2.
2l gns1 =1

Likewise, when x,, = (v,)/(v2||vn]|2) and 2,11 = —1/(v/2), so that |||/ = 1, we can also verify that
the inequalities
1

vp
|—=— T vnyllz < vnp1y — —=
V2ol " " V2

1

Un
= —vnyllz < vny + —
V2|vnlla " ! V2
hold if and only if y > v/2/(vny1 — ||vn]|2). Hence, 2|l grt1 , = V2/(Uny1 — ||vn]|2) and we obtain

V2

max || T 1 4 = ———
|| HL” ,U Un+1_H’UnH2

l[z]l2=1 N
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Therefore, since 0 < vp41 — ||Un|l2 < vpg1 < ||v]|, we have

2
Qpnil, = | max ||| o+, max  ||x|2 | > M > V2.
’ ’ Unt1 = [|vnll2

llll2=1 2l g n+1 ,=1
When v = (0,1)’, we have

”wHL"'H,'U = ‘|$nH2 + |‘T’n+1|’

and from Proposition 4(b), the bound is achieved. Hence, apnt1 = V2.

(b) Since V is an invertible matrix, we observe that
[ X|[sv = min{y:yV = X = —yV}
1 1
= min {y yl = V2 XV72 - —yI}
= V72XV 2.
For any V' - 0, let X =V, we have || X|[g7,v =1 and

(X, X) = trace(VV) = |[A[l3,

where A € R is a vector corresponding to all the eigenvalues of the matrix V. Hence, we obtain

( max <X,X>>2HA|]2.

X =1
1Xllsm v

Without loss of generality, let A1 be the smallest eigenvalue of V' with corresponding normalized eigen-

vector, q,. Now, let X = q;q}. Observe that

(X,X) = trace(X X)
= trace(q,q}q,4})

= trace(q19,414q,)

= 1.

We can express the matrix, V' in its spectral decomposition, so that V' =}, qjq;)\j. Hence,

V2 XV 73

1Xls7,v
= IS, 4,0 P 4 a0, s
= I\ audi|2
=
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Therefore, we establish that

max || X||lsmv | > AL
VX, X)=1 *

Combining the results, we have

[[All2
asmv = max (X, X) max || X|[gmyv | = > Vm.
(X”ST,Vzl VX, X)= + A1
When V = I, we have
[ X N[smv = 1 X]|2,

and from Proposition 4(d), the bound is achieved. Hence, agm = y/m. |
We have shown that for homogeneous cones, while different V' lead to the same probability bounds,
some choices of V' may lead to better objectives. The following theorem suggests an iterative improve-

ment strategy.

Theorem 6 For any V -k 0, if ¢,y,t are feasible in (24), then they are also feasible in the same

problem in which V is replaced by
W = A(z, D°)/(Qy).

Proof
Observe that W = V =k 0 and it is trivial to check that the constraints are satisfied. [ |
Therefore, under this approach, the “best” choice of V satisfies, QyV = A(x, DO). Unfortunately,
if V' is variable, the convexity and possibly tractability of the model would be destroyed. The iterative
improvement method of Theorem 6 can be an attractive heuristic.
A similar issue surfaces when we represent quadratic constraints as second order cones. In fact,
there are more than one way of representing quadratic constraints as second order conic constraints. In
particular, the constraint

|Az|3 + bz +c<0

is equivalent to

Ax _A- ALz 4+ ¢)
AL (B ztc) = 2 ’
2 2

for any A > 0. Unfortunately, the problem will not be convex if A is made a variable. We leave it an

open problem as to whether this could be done effectively.
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6 Conclusions

We proposed a relaxed robust counterpart for general conic optimization problems that we believe

achieves the objectives outlined in the introduction, namely:

(a) It preserves the computational tractability of the nominal problem. Specifically the robust conic
optimization problem retains its original structure, i.e., robust LPs remain LPs, robust SOCPs
remain SOCPs and robust SDPs remain SDPs. Moreover, the size of the proposed robust problem

especially under the o norm is practically the same as the nominal problem.

(b) It allows us to provide a guarantee on the probability that the robust solution is feasible, when

the uncertain coefficients obey independent and identically distributed normal distributions.
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A Proof of Proposition 1

(a) Let y € arg max|z<; w'z, and for every j € N, let z; = |y;| if w; > 0 and z; = —[y;|, otherwise.
Clearly, 'z = (jw]) (jy]) > w'y. Since, 12| = llzI]| = |ylll = lyll < 1, and from the optimality of y,
we have w'z < w'y, leading to w'z = (|w|)'(Jy|) = w'y. Since ||w|| = |||w|||, we obtain
lw||* = max (w)'z = max (jw])'(Jx]) = max (jw])'z = ||]w]*.
[l <1 ]| <1 (B

(b) Note that

lw|* = max (jw])'(jz]) = max (jw])'z.

[lel|<1 llzl<1
>0
If o] < w],
ol = max (fol)'a < max (wl)e = w]*
>0 x>0
(c) We apply part (b) to the norm ||.||*. From the self dual property of norms ||.||** = ||.||, we obtain
part (c). [ ]
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B Simplified formulation under independent uncertainties

In this section, we show that if each data entry of the model has independent uncertainty, we can
substantially reduce the size of the robust formulation (14). We focus on the equivalent representation
(13),

f(,D°%) = Qy. ||s|I <,

where, s; = max{—f(x, AD?), — f(x,—~AD’)} = g(z, AD?), for j € N.
Proposition 8 For LP, QCQP, SOCP(1), SOCP(2) and SDP, we can express s; = |Adjx;| for

which Adj, j € N are constants and the function, i : N — {0,...,n} maps j € N to the index of the

corresponding variable. We define xog = 1, to address the case when s; is not variable dependent.

Proof
We associate the jth data entry, j € N with an iid random variable z;. The corresponding expression
of g(x, AD?) is shown in Table 3.
(a) LP:
Uncertain LP data is represented as D = (&, b), where
aj = aj + Aajzj, j=1,...,n
b=0"+ AbZpyi.

We have |[N| =n+ 1 and

sj = |Aajzjl, j=1,...,n
Spt1 = |AD|.
(b) QCQP:
Uncertain QCQP data is represented as D = (A, b, ¢, 1), where
Ay = A + AAkZpe-1yigs J1,-.omy k=101,
bj =0+ AbjZusy, j=1,....m,
é=c+ AcZy(41)+1-
We have |[N| =n(l+ 1)+ 1 and
Sn(k—1)+j = |AAgjzg|, j=1,...,n, k=1,....1,
Spitj = |Abjxjl, 7 =1,...,n,

Sn(i+1)+1 = |Acl.
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(c) SOCP(1)/SOCP(2):
Uncertain SOCP(2) data is represented as D = (A, b, & d), where

Ay = A+ DAyZagnyags =100, k

|
\.H
:N

bp = b + AbpZnan, k=1,...,1,
&=+ AciZnyrygy, 5=1,...,m,
d=d’ + AdZ( 4 1)14nt1-
We have |[N| = (n+ 1)l +n+ 1 and
Sn(k—1)+j = |AAgjzg|, j=1,...,n, k=1,....1,
Snivk = |Abgl, 7=1,...,1,
Stn+)itj = |Acizyl, j=1,...,n,
S(nt1)i+nt1 = |Ad].
Note that SOCP(1) is a special case of SOCP(2), for which |N| = (n + 1), that is, s; = 0 for all
Jj>(n+1)L.
(d) SDP:
Uncertain SDP data is represented as D = (Al, LA B), where

A =AY+ YL S [A A Lk Zpgpy i =1,y
B =B+ Y7 X [ABl ez pmsr k),
where the index function p(i,j,k) = (i — 1)(m(m + 1)/2) + k(k — 1)/2 + j, and the symmetric matrix
I, € ™™ satisfies,
(ejer +ere;) ifj#k
Iy =
exe), ifk=j
ey, being the kth unit vector. Hence, |[N| = (n + 1)(m(m + 1))/2. Note that if j = k, |[Ix]]2 =
1. Otherwise, I, has rank 2 and (e; + e;)/v/2 and (e; — ex)/V/2 are two eigenvectors of Ij; with

corresponding eigenvalues 1 and —1. Hence, ||I;||2 = 1 for all valid indices j and k. Therefore, we have
Sp(i,j,k) = HAA'L]jkxz’7 Vi € {17 <o 7n}7j7 ke {17 R 7m}7j <k
Sp(n+1,5,k) = HAB]JM, Vi, k € {1, e, m},j < k.
|

We define the set J(I) ={j:i(j) =1,j € N} forl € {0,...,n}. From Table 2, we have the following

robust formulations under the different norms in the restriction set V of Eq. (9).
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(a) loo-norm
The constraint [|s||* <y for the [,-norm is equivalent to

Y Adm| <y ey ( > |Adj|) [z <y

JEN 1=0 \jeJ(l)
or

Yjer) 1Ads] + 3215y (ZjeJ(l) \Adj’) t1<y

t>x,t>—x

te R
We introduce additional n 4 1 variables, including the variable y, and 2n + 1 linear constraints to the
nominal problem.
(b) l1-norm

The constraint ||s||* <y for the [;-norm is equivalent to

%%M%@@kéwﬁmggﬁQg%M%owzéy

or
max;c 7o) |Adj| <y

max;c ) |Adjlr; <y I=1,...,n

—maxje s |Adjlry <y I=1,...,n.
We introduce an additional variable and 2n + 1 linear constraints to the nominal problem.
(c) 11 Nloo-norm
The constraint ||s||* < y for the [; N lx-norm is equivalent to

tj > |Adj|zy) JeEN

ty > —|Adj|z;) JEN

Ip+2ienri <y

ri+p=>tj, VjeEN

re %Lﬁv‘, te RN peR,,
leading to an additional of 2| N| + 2 variables and 4|N| + 2 linear constraints, including non-negativity

constraints, to the nominal problem.
(d) le-norm
The constraint ||s||* < y for the le-norm is equivalent to

Z(Adjwi(j))Q <y& Z |Adj| + Z ( Z Ad?) l‘l2 <uy.

JEN j€J(0) =1 \jeJ(1)
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We only introduce an additional variable, y and one SOCP constraint to the nominal problem.

(e) l2 N lso-norm

The constraint ||s||* < y for the ls N ls-norm is equivalent to

t; > |Adj|l'l(J) jJEN
t; > —‘Adj’.l‘i(j) JjEN
Ir =t + 5 Xjenri <y

te RNl e §R|+N|.

We introduce adds 2|N| 4 1 variables, one SOCP constraint and 3|N| linear constraints, including

non-negativity constraints, to the nominal problem.

In Table 4, we summarize the size increase and the nature of the robust model for different choices

of the given norm.
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