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Abstract

This paper proposes a new control parametrization under the Model Predictive Control frame-
work for constrained linear discrete-time systems with bounded disturbances. In an effort to minimize
conservatism, the proposed parametrization takes the form of a piecewise affine disturbance feedback
and is a generalization of linear disturbance feedback that has appeared in recent literature. Numerical
computations and stability properties of the resulting MPC problem using the proposed parametrization
are discussed. When the disturbance belongs to an absolute set and the problem data satisfy reasonable
assumptions, the associated finite-horizon optimization can be computed efficiently and exactly. The
generality of absolute set for disturbance modelling is also discussed. The advantage of the proposed

parametrization over linear disturbance feedback is illustrated via numerical examples.

I. INTRODUCTION

This paper is concerned with the Model Predictive Control (MPC) of systems given by:

z(t+ 1) = Ax(t) + Bu(t) + w(t), (1)

(x(t),u(t)) €Y, w(t) € W, V£ >0 2)
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where z(t) € R", u(t) € R™ w(t) € W C RY are respectively the state, control and disturbance
of the system at time ¢ and Y represents the joint pointwise-in-time state and control constraint.
The MPC control of such a system is popular and has a wide literature, see [1], [2], [3] and
the references cited therein. One aspect of the MPC control that continues to be of research
interest is the choice of the control parametrization used in the N-stage finite horizon (FH)
optimization problem. It is well known that optimizing over {u(0), ---u(N —1)} directly results
in a conservative system and the optimization should be over families of feedback policies, see
[1], [4] and others. One popular feedback policy is u(i) = Kxz(i)+ c(i) where K is fixed apriori
and c(i) is the new optimization variable [2], [4], [5], [6], [7]. Such a policy has a reasonable
domain of attraction and good asymptotic behavior. In addition, the closed-loop system state

converges to

FoolK) =W + (A+ BK)W + (A+ BK)*W + - - | 3)

the minimal invariant set of z(t + 1) = (A + BK)xz(t) + w(t) [2].

To further reduce conservatism, other families of feedback policies have been proposed. For
example, time-varying state feedback policy, u(i) = K(i)x(i) + c(i), where K (i), c(i) changes
with time ¢ has been attempted. Unfortunately, direct parametrization using such a policy is
unappealing as the resulting FH problem is not computationally tractable [8]. Lofberg [8] and
van Hessem & Bosgra [9] proposed the parametrization of u(i) by time-varying disturbance

feedback,
u(i) = v(i) + 3 CHw(). &)

This parametrization has the advantage that the resulting FH optimization problem is convex and
computable. Recently, Goulart et. al. [3] show the equivalence of time-varying state feedback
and time-varying disturbance feedback in terms of their representative abilities. Consequently,
the MPC systems using either parametrization have the same domain of attraction. They also
show that, under mild assumptions, the origin of the closed-loop system is input-to-state stable

(ISS) under the MPC control law derived using the time-varying state feedback parametrization.



More recently, Wang et.al. in [10] propose a parametrization of the form

N-1

u(i) = Ka(i) + d(i) + Y D(i, jw(i — j) (5)

j=1
and show that it has the same domain of attraction as that obtained using parametrization (4)
but has a stronger stability result in that the closed-loop system state converges to F.(K).

In an effort to further generalize the control, this paper proposes a parametrization that covers
an even larger family of feedback policies. It uses a time-varying piecewise affine disturbance
feedback parametrization which includes (4) and (5) as special cases and is a non-trivial extension
of [10]. In its most general settings, the corresponding FH optimization may not be easily
computed and approximations are needed. When W is an absolute set (to be defined) and
the problem data satisfy reasonable assumptions, the corresponding FH optimization is convex
and the conversion of it into a numerically amicable deterministic equivalence is exact. The
convergence of the closed-loop system state to Fi. (/) under the proposed parametrization is
also preserved.

The rest of this paper is organized as follows. Notations and general assumptions are given
in the rest of this section. Details of the new control parametrization and the MPC framework
together with the cost function are given in Section II. Properties and related issues of the
disturbance set are discussed in Section III. Convex reformulation and computational issues are
introduced in Section IV. Section V discuss the feasibility of the FH optimization problem and
stability of the closed-loop system. Numerical examples and conclusions are the contents of the
last two sections.

The following notations are used. Z; and Z; denote respectively the integer sets {0, 1,-- - , k}
and {1,--- ,k}; given matrices A € R"*™, B € RP*? and vector v € R": A; is the it column
of A; v; is the i'" element of v; A ® B is the Kronecker product of A and B; vec(A) =
[AlT . A%}T € R™™ is the stacked vector of columns of A; v > (>) 0 means v; > (>) 0 for
all i; and |v| := [|v1] - - |va|]T is the vector of absolute value of v. A square matrix A = (=)0
means A is positive definite (semi-definite). For any A = 0, ||z|% = =T Az. 1; is a k-vector
with all elements being 1. Given a non-empty set (2, CH({2) denotes the convex hull of () and

int(§2) denotes the interior of 2. Also, boldface characters are used for collections of vectors or



matrices over the length of control horizon.
The system (1)-(2) is assumed to satisfy the following assumptions:
(A1) (A, B) is stabilizable;
(A2) W C R™ is an absolute set;
(A3) the constraint set
Y ={(z,u)| Yoz +Y,u<1,} CR"™™ (6)

is compact and contains the origin;
(A4) The size of W is sufficiently small such that there exists a constraint-admissible
disturbance invariant set

X¢={z| Gz <1,} CR" (7)

for system (1) under the control law v = K;x for some feedback gain K; € R™*"
where A + BK is asymptotically stable and that F, (K ;) C int(Xy).

Assumption (A1) is standard. Definition of an absolute set and its implications are discussed in
Section III. It will be shown that (A2) is quite general and can be used to model many families
of disturbances. The characterizations of Y in (A3) is made out of the need for a concrete
computational representation. The existence of X in (A4) is quite well known under (A1)-(A3)
when W is sufficiently small [11], [12]. Fio(Ky) is also the set of reachable states under the
disturbance input for the system z(t + 1) = (A + BKy)z(t) + w(t),z(0) = 0 [12]. Hence,
Fo(Kyf) C int(Xy) is a reasonable requirement on the disturbance so as not to violate the Y’

constraint.

II. CONTROLLER STRUCTURE AND THE MPC FRAMEWORK
A. Control parametrization

The proposed control parametrization is a piecewise affine function of w. To be precise, let

w € R™ be segregated into its positive and negative parts via

wP := max{w,0}, w™ :=max{—w,0} )



where the max operation is taken component-wise. With this definition, it follows that w?, w™ &€
R™ wP >0, w™ > 0 and w = w? — w™. Correspondingly, the disturbance set for (w?,w™) is

expanded to
Qw = {(w', w?)] w' —w?* € W,w' >0,w* >0, (w')w* =0} CR" x R" )

Clearly, there is a one-to-one mapping between w € W and (w', w?) € Qy: for any w € W,
w! = wP, w? = w™ while for any (w', w?) € Qw, w = w' —w?. The complementarity condition
(wh)Tw? = 0 in (9) also means that w}w? = 0 for all i € Z;} since w? > 0,w™ > 0. Clearly,
this last condition means that {2y, is non-convex even when W is convex.

Let the length of the control horizon be N, z(7), u(i) be the i predicted state and i** predicted

control respectively within the horizon at time ¢. The proposed u(i) takes the form
U(Z) = fo(l) + C(i), 1€ ZLn_
N — d(i N=1 i Noople  » N=1 ~m(: ~Noom(; =
c(i) = (Z)+Zj:1 CP (i, j)wP(i .])+Zj:1 Cm (i, jlw™(i — j)

where d(i) € R™, C?(i,j), C™(i,j) € R™*™ are the optimization variables, K is the specified

(10)

state feedback gain in (A4) and w”(i — j) and w™ (i — j) are obtained from w(i — j) using (8).
Also, disturbance w(7) is realized if i < 0 and is unknown if ¢ > 0. Hence, c(i) contains the
N — 1 disturbances preceding time ¢ + ¢ and is an affine function of w”(i — j) and w™(i — j),
JELy s

Since w = w? — w™, (10) is a piecewise function of w and, because of the particular
choice of the pieces, is termed segregated disturbance feedback. Clearly, it is a generalization
of linear disturbance feedback law of (5) (choose C?(i,7) and C™(4,7) in (10) to be C?(i,j) =
—C™(1,7) = D(i,7)) or those used in [8], [3] and this is shown in the following example.

Example 1: Consider the scalar system z(t + 1) = w(t) + 0.5w(t — 1) 4+ u(t) with Y =
{(z,u)] x > —1.1, u > —0.2}, w(t) is independent and identically-distributed with a uniform
distribution over W = {w| |w| < 1}. Suppose it is required that z(¢) to have zero mean. Then, it
can be shown that no linear disturbance feedback law in the form (5) can simultaneously satisfy
the constraints and the requirement. However, setting u(t) = —0.140.5w™(t—1) — 0.1wP(t — 1)

does.



To simplify notations and presentation, let

u=[u"(0) u' (1) (N -1)]"

x = [27(0) 27 (1) -+ &T(N))"

where w— (w™) is the collection of realized (future) disturbances at current time. Using (8), w™

and w' can be further separated into their positive and negative parts w?~, w™ ™ wPt w™t,

The rest of the variables in (10) are collected in

cr =

CPt =

[ CP(0,N —1) CP(O,N —2) -

cr(0,1)
0 CP(L,N—1) --- Cr(1,2)
0 0 CP(N —2,N — 1)
0 0 0
0 0 0

CP(N—2,N—2) - 0 0
CP(N-1,N—1)--- CP(N—=1,1) 0

(11

12)

C™ and C™" where the last two variables are defined in the same way as (11) and (12) with

the corresponding changes in the superscripts. Using these notations, the control policy of (10)

within the control horizon becomes

u=Kx+d+CII +C'II"

13)

where K = [Iy ® K; 0], C™ =[CF~ C™7], CT = [CPT C™F], II™ = [(wP")T (w™)T]" and
It = [(wPH)T (w™h)T]T. Also, let C denote (C~, CT).



B. MPC formulation

Using the preceding notations, the FH optimization based on the control parametrization of

(10), Pn(d, C;x,IT7), can be summarized as the following problem:

min J(d, C) (14)
st. x=Axr + Bu+ GITt (15)
u=Kx+d+CII +CIIt (16)
(x(i),u(@) €Y VIIT € Q. i € Zy_, (17)
z(N) € X; vV IIT € Q) (18)
where K = [Iy ® Ky 0],
7, ] [0 0 0] [0 0 - 0]
A B 0 -0 I, 0 -0
A=A |, B=| 4B B - 0|.6=| A I, 0 ,QZ[G—Q]
AN AN-IB AN=2B ... B AN-L AN=2

Qf, is the N times product space of Qy and J(d,C) is an appropriate cost function whose
details are discussed in the next subsection. Let the feasible set of the FH optimization problem

be
Oy (z, II7) = {(d,C) | Py(d,C;z,II7) is feasible} (19)
The set of admissible initial states to the FH problem is then
Xy = {z| ly(z,I1I7) # &}.

It appears from (19) that 11y is a function of x and the past disturbances I1™. The next theorem
shows the non-emptiness of Il depends only on z.

Theorem 1: 1f Iy (v, T17) # @ for some (z,I17), then Ty (z,T17) # @ for any II- € Qf} .

Proof: Choose (d,C) € Ily(z,I17) and (X,1) be the corresponding control and state

sequences obtained from (15) and (16). Let

d=d+CTII,C =0and Ct=C".



From (16), (Ei, C) define the same feasible control sequence u for any 11~ € Q{,VV_I and hence, the
same feasible state sequence X. This also means that (d,C) € Iy (z,IT") for all IT~ € QY.
[

Following Theorem 1, the feasible set of FH optimization problem can be stated as Il (z)

instead of Il (z,II7). Correspondingly, the admissible initial state set can be defined as
Xy = {z| lIn(z) # o}, (20)

Remark 1: Suppose PL and X% are the corresponding FH problem and the admissible set
when the control parametrization (5) is used in (16) instead of (10). Since (5) uses affine
disturbance feedback and is a special case of (10), it follows that X ]6 C Xy.

The rest of the MPC formulation is standard: the FH optimization problem is solved at each
time ¢ and the very first term of (d*(¢), C*(¢t)) = argmin Py(d, C;z(t),I17(¢)) is applied to
system (1) yielding the MPC control law

N-1
u(t) = Kpa(t) +d*(0) + ) (C™(0,j)w’(t = j) + C™ (0. )w™(t = 7)), (1)

j=1
where wP(t — j7),w™(t — j),7 = 1,--- ;N — 1 are past disturbances that can be obtained from

(1) and (8).

C. cost function

The cost function used in this work is similar with that used in [10] and hence its discussion

here is brief. Specifically, the cost function is

N-1 N-1
J(d,C) =" Ji=> [lv@)l} (22)
=0 =0

where A > 0 and (i) := vec([d(i) C™(i,1) CP(¢,1) --- C™(i, N — 1) CP(i, N — 1)]).
Remark 2: When K; and A are appropriately chosen, cost function (22) can be related to
expected value of standard LQ cost under the zero-mean assumption of w(t). Specifically, given
Q =0, R>0,1let P=ATPA— ATPB(R+ B"PB)'B"PA + @ > 0 be the solution
of algebraic Riccati equation and K; = —(R + BTPB)"'BTPA. If w(t) is independent and



identically-distributed having zero mean and covariance .., it follows from Theorem 11.2 of

[13] that

B li(Hm(i)Hé + [lu(@)l7) + IIx(N)H?a]

=0

= 2(0)" Px(0) + Ntrace(X,P) + E

N—-1
> ||c<i>||%+BTpB] : (23)

1=0

The last term of (23) satisfies E [Zf\:ol ”C(OH?H-BTPB} = SV 6|3 if

1 1y ® (wm)"

Iy @™ Iy @ (0™ (w™)T + $mp)

Ao ® (R + BTPB) (24)

where W™ and >'P are the mean and the covariance matrix of random vector [w™(t); w? ()]
respectively. Since the first two terms on the right-hand-side of (23) are independent of variables

(d, C), minimizing (22) is equivalent to minimizing the expected value of the LQ cost of (23).

III. PROPERTIES OF THE {2y AND RELATED SETS

The set €1y, being non-convex even when W is convex, means that the associated FH
optimization problem may be difficult to compute. This difficulty is circumvented when W
satisfies (A2). We first review the definition of an absolute set.

Definition 1: A set V' is an absolute set if it is compact, convex, contains the origin in its
interior and v € V' if and only if |v| € V.

From its definition, an absolute set is necessarily symmetric, or V = {—v : v € V'}. Examples
of absolute sets include those generated by the L, norms and their intersections: {v : ||v||, < 1},
{v: ||vllee £ 1, ||v]l2 < 7, ]Jv]l1 < g}. The use of absolute set as disturbance model is also quite
common, see [14], [15], [16] and [17].

Remark 3: Assumption (A2) is not as restrictive as it may appear. Many non-symmetrical
disturbances or disturbances generated from a set with dimension different from R" can be
represented as {w|w = Ew + e,w € W C R’} where W is an absolute set and E and e are

some appropriate matrices. For such disturbance models, the exposition hereafter remains valid

but with w replaced by Fw + e.



Remark 4: For some class of disturbances where W is convex but cannot be represented by

L, norms, intersections of L, norms or using Remark 3, the set {2;y may be approximated by
Q= {(w', w?)| w' —w? € W,w' > 0,w? > 0}.

Compared with (9), it is easy to see that Qy C Qi) and Qf}, is convex (since W is convex).
Suppose Pi and X3 are the corresponding FH problem and the admissible initial set when
Qu 1s replaced by Qﬁ, in (17) and (18). Then, 73](‘, is computationally more amiable as Q{}V is
convex. Also, X j\‘} C Xy since the control law obtained is more conservative as {2y C Q{j‘v.

Remark 5: While more conservative than Py, 73](‘, is less conservative than Pf,, the FH
problem when parametrization (5) is used. Again, this is true because P% is a special case
of PfV‘ Hence, if a feasible solution exists for 7?]%, for all w € W, a feasible solution exists for
Py for all (wh,w?) € Q). This, together with Remark 1, means that X% C Xi C Xy.

We now define a set that is closely related to V. Let
QF = {(w', wH)| w'+w? € W,w' > 0,w* > 0} (25)

and its connection to )y is given below.

Theorem 2: Suppose W satisfies assumption (A2), then (i) QF, = CH(Qy). (ii) max,eq,, ¥y w =
MaX,eCH(Qy) Y. W = max,cop yTw for any given y € R?".

Proof: See Appendix I. O

The following example verifies Theorem 2.

Example 2: Let W = {w| |@| < 0.2} which is an absolute set. Fig. 1 shows W, Qy, Qi
and Q%. It is clear that Q",B—V is the convex hull of {25 as stated in (i) of Theorem 2 and that
MaXyeq,, WY = Max,cqn wly for any y € R?, 3y # 0 can also be easily verified.

The rest of this section shows that all absolute set can be expressed in the form of
V={v : nlv) <1}, (26)

for some absolute norm function 7 : R" +— R. By absolute norm, 7(-) satisfies the three standard
properties of a norm and the additional property of n(v) = n(|v|). Clearly, all polynomial norms

or L, norms are absolute. However, a polynomial norm induced by an invertible matrix, is not
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Fig. 1. Comparison of segregated disturbance sets

necessary absolute. It is easy to see that the following composite norm function

((v) = lflllaXL{aml(U)}v 27

=1,...,

in which 7,(-) are absolute norms with ¢; > 0 for all [ € 7T, is absolute. Hence, for instance,
{v : Jvll <1, |lv]l2 < r} can be expressed in the form of (26) with 77(v) = max{||v||2, [[v]|cc }-

Given a vector norm 7)(-), the dual norm n* : R" — R is a norm function defined as

* o T
n*(y) = Inax yv. (28)

Some useful and relevant properties of the dual norm are collected below.

Lemma 1: Suppose 7(-) and n*(-) are an absolute norm and its dual norm. Then (i) n*(-) is
also an absolute norm function (ii) **(-) = n(-). (iii) The dual norm of the L, norm, p > 1,
lvll, = (Z’;:l |vj|7’> 1/p, is the L, norm [jwl||, with ¢ = 1 + %1 In particular, the dual of
an Ly norm is the L., norm and vice versa. (iv) The dual norrﬁ of the composite norm (27) is
C@%ﬂm%ZLiﬁw)rZQ#I%MGWV%ZH-

Proof: See Appendix II. O

The following example demonstrates (iv) of Lemma 1.

Example 3: Let W = {w € R?| |lw||e < 0.2, ||w|]s < 0.224} which is shown in Figure

2. The corresponding absolute norm is 7(w) = max{5||w||, 4.64||w||2} and its dual norm is



w

Fig. 2. W defined by composite norm

7*(2) = min{0.2[ly" 1 +0.224[[y*[l2 : y' +y* = 2}
Theorem 3: A set V' is an absolute set if and only if there exists an absolute norm function,
n(-) such that V = {v : n(v) < 1}.
Proof: See Appendix III. O

IV. CONVEX REFORMULATION AND COMPUTATION

One additional result is needed to show the conversion of the constraints (17) and (18) and
is given in the following theorem.
Theorem 4: Let W = {w : n(w) < 1} C R™ be an absolute set for some absolute norm

function 7(-), n*(-) be the corresponding dual norm and QE, be as defined by (25). The two sets
Cl = {(l’,y,2’> S R2n+1’$T,w1 + yTw2 < 2, V(wl,wQ) - Qg/}
Co = {(z,y,2) e R* " (t) < z, t >z, t >y for some ¢}

are equivalent.
Proof: See Appendix IV. O
For clarity in the sequel, a subscript W is appended to the absolute norm function 7 to indicate
its association. Hence, W = {w|nw (w) < 1}, nj, is its dual norm and let W be the N times
cartesian product of W. Define ny~ : RV™ = R as nyyn (v) := maxiez,_, {nw(v(i))} where

v:=[vT(1) vT(2) -+ vT(N)]” and v(i) € R". Then, it follows that W can be represented by



Nn

W = {w|ny~(w) < 1}. The corresponding dual norm of ny - (-), n5x : RY™ — R, is given

by

N N
nyv (@) = max{q" vipw~(v) < 13 = max{(q())"v()lnw (v(0)) < 1} =Y miv(a(i)).
i=1 i=1
(29)
where q := [¢7(1) --- ¢T(N)]™.
With these quantities and the characterizations of Y and X in (6) and (7), (15)-(18) become
Az + Bd + Free([CC™]) + max [B[C™C™] +[¢ ~G]]TTF <1, (30)
I+eqQl,
where s = alN + b (a, b are the respective numbers of constraint in Y and X;) and expressions
of A,B,G,F are given in Appendix V. Using results (i) and (ii) of Theorem 2, (30) can be
restated as
Az 4+ Bd + Fvec([CP"C™])+ max [BCP*+G BC™ —¢g|II" <1,. (31
II+e(QB)N
Noting that ITT = [(wPT)T (w™")T] and applying the result of Theorem 4, (31) has the following

deterministic equivalence
.

Az + Bd + Fvec([CP~C™]) + pu < 1,

TT > BCrt + G
(32)
TT > ch—I— _ g

1= [ () - ma (T)]
where T', BCP* + G and BCPT — G are analogous to ¢, 27 and y” in Theorem 4 respectively
and 7;;,~(+) is that given in (29).

Remark 6: The adaptation of Theorem 4 to disturbance set defined by intersection of L,
norm sets is also quite easy. For example, if W = {w]| ||| < 1, [Jw|l2 < r}, then ny (v) =
max{||v]2, [[v]lsc}s 7y (v) = min{r|[v! |2 + [[v?]1,v* + v* = v} and the deterministic equiva-
lence of C; in Theorem 4 is Co = {(z,vy, 2)| 3t,t', 12 € R™ |3 +r|t'|le < 2, + 2 =¢, t >

x, t > y}. In such a case, (29) and (32) remains correct using the new expression of 7.



V. FEASIBILITY AND STABILITY

Theorem 5: Suppose assumptions (A1)-(A4) are satisfied and z(0) € Xy. The system (1)-(2)
with u(t) obtained from (21) has the following properties: (i) Xy and Ily(z, w™) are convex
sets; (i) Py(d, C,z(t),I17(t)) is feasible for all ¢ > 0; (iii) (z(¢),u(t)) € Y for all t > 0; (iv)
x(t) — F as t — o0o; (v) There exists a finite  such that z(t) € X; and c(t) = 0 for all ¢ > £.

Proof: (1) From assumption (A2) and property (i) of Lemma 1, 7y, v (+) is a convex function.
This means that the set of feasible (z,d, C,T) of (32) is a convex set in R” x R™ x R?V*s x
R2"UN=DN The sets Iy (2, w™~) and Xy are projections of this convex set onto the (d, C) and
x space respectively and are hence convex sets.

The proof of (ii)-(v) follows essentially the arguments in [10] and uses the notation “|¢” for the
variables at time instant ¢. (ii) Feasibility of Py(d, C,z(t),II"(¢)) follows standard arguments.
The specific choices are stated here only for the proof of (iv). More exactly, suppose (d*, C*)

is the optimal control at time ¢, the feasible control at time ¢ + 1 is chosen to be
4

(it + 1) = d*(i + 1]¢) i € Zns

Cr@i,jlt + 1) = C**(i + 1, j|t) i € Ln_o, k€ {p,m} (33)

dIN=1jt+1)=0, C*(N - 1,j|t+1)=0 ke {p,m}
\

(iii) The result follows directly from (ii).
(iv) If J*(t) is the optimal value of Py(d,C,z(t),II"(t)) and let J(t + 1) be the value of
J(d, C) where (d, C) are defined by (33), then it can be verified that

Jt) = Tt +1) > J(t) = J(t+1) = J:(t)

where Jy(t) is defined in (22). Hence, {J*(¢)} is a monotonically non-increasing sequence
bounded from below and it tends to a limit as ¢ — oo. This necessary means that J;(¢) tends
to zero as t — oo. Hence, ¢(t) tends to zero as t — oo. The system state under (21) can be

written as - -
2(t) = 'z(0) + > T Be(i) + > T w(i) (34)

i=0 1=0
where & = A + BKj. The first term on the right of (34) approaches zero as t — oo because

of (A4). The second term approaches zero following the fact that ¢(¢) — 0 as t — oo. The last



term corresponds to a point in the set Fy(Ky) := W +-- -+ &'V, which approaches F.,(K)
as t — oo under assumption (A4). Hence the stated result follows.
(v) Following property (iii) and assumption (A4), x(t) enters X in some finite time, t, and
thereafter the optimal (d, C) = 0 for all ¢ > ¢ from the optimality of Py(d, C, z(t),II(¢)). [
As d € RN, T € R"Wxs gnd C € RZ"(N-DN the number of variables in Py is clear.
Similarly, the number of constraints in (32) is 3s or 3(aN + b). It is of interest to compare
these numbers with other parameterizations that are available in the literature. In this regard, we
compare with the more recent disturbance feedback parametrization (4) used by Lofberg [8], van
Hessem & Bosgra [9] and Goulart et. al. [3] assuming the same representations for Y, X sets
and that W is an absolute set represented by a set of linear inequalities. It can be shown that
the number of constraints using (4) is the same as the number of constraints under the proposed

parametrization but (10) has additional R"™ =1V variables in C.

VI. NUMERICAL EXAMPLE

The system parameters and constraints of the numerical example is given by:

1.1 1 1
A= , B= , W =Aw] |||l < 0.2},
0 1.3 1

YV ={(z,u)| |u] <1,[lz]lo <6},

and w(t) is uniformly distributed over 1¥. To implement the MPC controller, K = [—0.4991 — 0.9546]
is chosen as the optimal feedback gain for the unconstrained LQR problem when ) = I, and
R = 1. Terminal set Xy is chosen to be the maximal constraint-admissible disturbance invariant
set of (1) under u = K x. The proposed approach is simulated from z(0) = [—5 2|’ for the case
where N = 8 and its result is shown in Fig. 3 and Fig. 4.
In Fig. 3, the outer bound Foo is used because the exact F, is not computable. The procedure
for computing ﬁ’oo follows that given in [18]. It can be observed that the state converges to Fi
set and all the constraints are satisfied all the time.
The next experiment compares the optimal costs of the FH optimization problems using

parameterizations (5) and (10) for the case where N = 8. For a fair comparison, the cost
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Fig. 3. State trajectory of example one

0.5 b

0 2 4 6 8 10 12 14 16

Fig. 4. Control trajectory of example one

functions of the two parameterizations should be consistent. For this purpose, the weight matrix,
A, of J(d, C) is chosen according to (24) while the cost function associated with parametriza-
tion (5) is chosen according to [10], [19]. The implementation in [19] uses (4) as its control
parametrization and hence has a different form for its cost function although it is equivalent
to the expectation of a standard LQ cost. Our experiment with (5) uses the cost function
Sivol [d@I + 300 ||vec(D(i,j))\|%] where ¥ = R+ B"PB and T = ¥, ® U and is

the same as that used in [19]. In this setting, both cost functions are equivalent to the expected



value of the same LQ cost. The optimal costs of both problems over the admissible region are
compared and the result is shown in Fig. 5 where J& is the optimal cost under parametrization

(5) and J j\q, is that under (10). Clearly, parametrization (10) always yields a better cost than (5).

Fig. 5. Difference between the two optimal costs

VII. CONCLUSION

A piecewise affine disturbance feedback parametrization is proposed under the MPC for-
mulation of constrained linear systems with disturbances. This parametrization includes the
standard linear disturbance feedback as a special case, and hence, is less conservative. When
the disturbance set is absolute, the FH optimization problem can be converted into an equivalent
convex problem solvable with existing solvers. Even when the disturbance set is not absolute,
the new parametrization still results in a MPC controller that is less conservative than the one
derived from using linear disturbance feedback. The stability of the closed-loop system under the
proposed parametrization is shown and the asymptotic behavior of the system is characterized

by F.(K ) where Ky is a user-defined constant feedback gain.
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APPENDIX [

PROOF OF THEOREM 2

Proof: (i) (=)Consider (v!,v?) € Q. It follows that v* > 0,02 > 0 and (v!)Tv? = 0.
Therefore, v!+v? = |v! —v?|. Since W is absolute and v! —v? € W, we have v*+v? = [v!—v?| €
W which implies that (v!,v?) € QF,. Since the set QF is convex, we have CH(Qy,) C QF,.
(<) To show QF, C CH(Qw), consider (u',u?) € QF and let S° = {(u',u?)}. For all i € Z,
let

S= |J {0 —evl o +ev)), (0 + et ot — ev?)}
(v1w2)esi—1

where e’ denotes a unit vector in R”, with one at the i*" element and zeros otherwise. Observe
that for all (v!,v?) € S, (v!,v?) € CH(S™1). Indeed, if v} +v? > 0, let A = v} /(v! 4+ v?) and

it follows that
(v',v?) = Mt — e}, 02 +e'v)) + (1 = N)(v' + e'vf v? — e'vl).

Otherwise, if v} +v? = 0, we have (v',v?) € S**. Therefore, by induction, we have (u',u?) €
CH(S™). We can also induce that each (v',v?) € S™ satisfies v',v? > 0, v! +v? = u! + u? and
vjl-vf- =0, j € Z!. Hence, |v! —v?| =o' +v? =u' +u* € W. Since W is an absolute set, we
have v! —v? € W and (v',v?) € Q. Therefore, (u',u?) € CH(Qy).

(ii) Let the maximizer of max,ecn(oy,) w’ y be w* € CH(Qy ). Hence, there exist w' € Qu, w? €
Qu and 0 < A\, A2 < 1, A+ )22 = 1 such that w* = Mw! + \2w?. Therefor, y7w* = My w! +
MyTw? and maxgecnop)w’y = y'w* < max{y’w', y'w?} < maxueq, w'y. It is also
clear that max,cq,, w'y < max,ecny,)w’y since Qy € CH(Qyw ). Hence, max,eq,, y'w =

MaX,eCH(Qy) yTw. The second equality follows the result of (i). O



APPENDIX II

PROOF OF LEMMA 1

Proof: (i) The proof can be found in [20]. (ii)-(iii)The first two results are well known,

see [21]. (iv) Denote §(y|C) := max,cc xy. Then, from (27),
¢*(y) = max{y" z|a;n;(x) < 1,i € Z}}

= max(y x|z € C,N---CL})

L
= min{d(y'|C1) + - + 6 ICL) Dy =y} (335)
=1
L 1 '
— min{; a—ia(yl\ci)yyl +otryt =yl (36)
L 1 '
= min{)_ "y )ly' ++y" =y} (37)
i=1 "

where C; = aiC’Z and C; = {x|n;(x) < 1} Vi € Z}. Equation (35) follows a property of support
function (Corollary 16.4.1 of [22]). Specifically, suppose C,Cy, - - C,, are non-empty convex
sets in R" such that C; N Cy---NC,, # 0, then §(y|C1 N Cy---NCp,) = min{d(y*|C1) + - -+
S(y™|Cp)lyt + - - - +y™ = x}. Equation (36) holds because 6(z|aC) = ad(z|C) for any o > 0
while (37) follows from the definition of Cj. O

APPENDIX III

PROOF OF THEOREM 3

Proof: One direction is trivial. Conversely, it suffices to show that for any absolute set, V/,

an absolute norm function 7)(-) exists such that
max{y’v : n) <1} =max{y’v : veV}

for all y € R™. Consider the support function of V', §(y|V'), which by inspection is an absolute
norm. Note that any convex, compact and symmetric set with zero in the interior has support
function that satisfies the properties of a norm. Hence, from (28) and property (i) of Lemma 1,

the corresponding dual norm function §*(v) = max{v’y : §(y|V) < 1} is also an absolute



norm function. Let n(-) = §*(-). Hence, by strong duality of norms, we have for all y € R",

max{y’v : n(v) <1} =7*(y) = 0" (y) = 6(y|V) == max{y'v:v e V}.

OJ
APPENDIX IV
PROOF OF THEOREM 4
Proof: (=) Let (z,y, z) be an element of C;. It follows from (25) that
z > max{zTw' +yTw?w > 0,w? > 0,n(w" +w?) < 1}
= max{zTw! +yTw? w' >0,w? >0, w=w' +w? nw) <1}
= max{t’w| w >0, n(w) <1, t; = maz{z;y;}} (38)
= max{t’ |jw| | n(w) <1, t; = maz{x;,y;}} (39)
= max{t"|w| | n(w) <1, t; = maz{0,#;}} (40)
= max{tTw| n(w) <1, t; = maz{0,%;}} 41)

= (‘TayVZ)GCQ

The first two relations come from the definitions of QF, W and the re-organization of the

constraints. Equation (38) comes from the fact that the optimal value can be achieved by

1 2 1,,,2

where w;w; = 0 for all <. This is true because the optimal w* is

and w ;

considering w
such that w} = w}* if z; > y; and w} = w?* if z; < y; for all 7. Equation (39) follows because
W is an absolute set. Equation (40) comes from the fact that if ¢; < 0, the optimal w; must be 0.
Hence, the maximum value can be obtained by letting ¢; = maxz{0,¢;}. Since ¢ > 0, the absolute

sign on w can be relaxed based on property (1) of Lemma 1. The last implication follows since

the existence of ¢£,£ > x and ¢t > y is established.
(<) Let (z,y,2) be an element of C, with a suitable ¢ € R™. Then, from the definition of



z > max{t? (w' + w?)| (w' +w?) € W,t > z,t >y}

Y

max{t’ (w' +w?)| (w' +w?) € W,w" > 0,w* >0, t >zt >y}

v

max{z’w' +yTw?)| (w' +w?) € W,w' > 0,w* >0}
= max{eTw! +yTu?)| (' w?) € 0f)

= (z,y,2) € C1.

Again, the first inequality holds from definition. The second inequality follows from the impo-
sition of two additional constraints w! > 0,w? > 0. The third inequality follows from the fact
that t7w > z7w and tTw > yTw for all w > 0 since ¢ > x and ¢ > y. The last equality is from

the definition of Qf, which implies the inclusion. O

APPENDIX V

MATRICES IN (30)
_ _ Y, 0Y,
Let p = (I -BK) L, Y, =Iy®Y,, Y, =Iy®Y,, V= , then the ma-
0GO
trices appearing in (30) are A = Y [(¢A)T (K@A)T}T, B=Y[(eB)7T (I+ }CSOB)T]T, G =

Y[(06)" (keG)| " and F = (@) @ [(@B)T (1 + KeB)T]")



